The aim of the present paper is to establish the existence and uniqueness of solutions of fractional integrodifferential equations with an integral fractional boundary condition in Banach spaces.
Introduction
Let C(J, R) be the Banach space of all continuous functions from J = [0, 1] into R endowed with the norm x ∞ = sup{ x(t) : t ∈ J}.
In this paper we consider the fractional integrodifferential equations with an integral fractional boundary condition of the type C D α x(t) = f t, x(t), x(0) = ηI β x(τ), 0 < τ < 1, (
where C D α is the Caputo fractional derivative of order α, f : J × R × R → R is a continuous function, η ∈ R is such that η = Γ(β + 1) τ β , Γ is the Euler gamma function and I β , 0 < β < 1 is the Riemann-Liouville fractional integral of order β . The theory of fractional calculus has been available and applicable to various fields of study. The investigation of the theory of fractional differential and integral equations has started quite recently. One can see the monographs of Kilbas et.al. [11] , Podlubny [15] . Integrodifferential equations arise in many engineering and scientific disciplines, often as approximation to partial differential equations, which represent much of the continuum phenomena. Integrodifferential equation is an equation that the unknown function appears under the sign of integration and it also contains the derivatives of the unknown function. It can be classified into Fredholm equations and Volterra equations. The upper bound of the region for integral part of Volterra type is variable, while it is a fixed number for that of Fredholm type. However, in this paper, we focus on Fredholm integrodifferential equations.
Integral boundary conditions are encountered in population dynamics, blood flow models, chemical engineering, cellular systems, heat transmission, plasma physics, thermoelasticity, etc. They come up when values of the function on the boundary are connected to its values inside the domain, they have physical significations such as total mass, moments, etc. Sometimes it is better to impose integral conditions because they lead to more precise measures than those proposed by a local condition.
Many recent papers have dealt with the existence, unique-ness and other properties of solutions of special forms of the equations (1.1) -(1.2), see [1-4, 7-10, 12, 14] and some of the references cited therein. Recently, in an interesting papers [5] , A. Ahmadkhanlu have investigated the existence and uniqueness of solutions of special form of (1.1) -(1.2). The aim of the present paper is to prove the existence and uniqueness of solution of nonlinear fractional integrodifferential equations (1.1) -(1.2). The main tools employed in our analysis are based on the theory of fractional calculus and fixed point theorems.
The paper is organized as follows: Section 2, presents the preliminaries. Section 3 deals with the main results. Finally, in section 4, we discuss example to illustrate the theory.
Preliminaries
Before proceeding to the statement of our main results, we setforth definitions, preliminaries and hypotheses that will be used in our subsequent discussion. For more details see [6, 11, 13] .
For measurable function m : J → R, define the norm
where µ(J) is the Lebesgue measure ofJ. Let L p (J, R) be the space of all Lebesgue measurable functions m :
Definition 2.1. The Riemann-Liouville fractional integral of order q, is defined by
provided the right hand side is pointwise defined on (0, ∞).
Definition 2.2. For an at least n−times differentiable function f : [0, ∞) → R, the Caputo derivative of fractional of order q is defined by
where [q] denotes the integer part of the real number q.
We need the following results in our subsequent discussion. 
subject to the boundary condition
is given by
Lemma 2.5.
[5] Let x ∈ C satisfy the following inequality
3)
For the convenience, we list the following hypotheses used in our further discussion.
with respect to t on J.
(H 2 ) There exists a constant p ∈ [0, α) and real valued func-
for each t ∈ J and all x, y ∈ R.
Fractional integrodifferential equation of order
In this section we state and prove results related to existence and uniqueness of solutions of fractional integrodifferential equation of order q ∈ (0, 1] with fractional integral boundary condition in Banach spaces.
Theorem 3.1. Suppose that the hypothesis (
then the system (1.1) -(1.2) has a unique solution, where
and
Proof. For each t ∈ J, we have
dτ is a Bouchner integrable with respect to s ∈ [0,t] for all t ∈ J. Hence the fractional integrodifferential equation (1.1) -(1.2) is equivalent to the following integral euqation
. Now, we define an operator F : B r → B r by
First we show that F(B r ) ⊂ B r , where F is defined by (3.2) and B r = {x ∈ C : x ∞ ≤ r}. For x ∈ B r , t ∈ J, we have
This shows that F(B r ) ⊂ B r . Now, for x, y ∈ B r and t ∈ J, we obtain
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As Ω α,q (t) < 1, F is a contraction mapping. So, by the contraction mapping principle, F has a unique fixed point x.
That is, x is the unique solution of (1.1) -(1.2). This completes the proof of theorem. Proof. Observe that the operator F : C(J, R) → C(J, R) defined by (3.2) is well defined due to (H 4 ). First we show that F is continuous operator. Let {x n } be a sequence such that x n → x in C. Then for each t ∈ J, we have
as n → ∞. Now we show that F maps bounded sets into bounded sets in C(J, R). For a positive number ρ, let B ρ = {x ∈ C(J, R) : x ≤ ρ} be a bounded ball in C(J, R). Then we have
which implies that
Now we show that F maps bounded sets into equicontinuous sets of C(J, R). Let t 1 ,t 2 ∈ J with t 1 < t 2 and x ∈ B ρ . Then
Obviously the right hand side of the above inequality tends to zero independently of x ∈ B ρ as t 2 − t 1 → 0. Therefore it follows by the Ascoli-Arzela theorem that F : C(J, R) → C(J, R) is completely continuous. Now it remains to show that the set E(F) = {x ∈ C : x = µFx, µ ∈ (0, 1)}. Then for t ∈ J we have
For each t ∈ J, we have
By Lemma2.5, there exists a M * > 0 such that
Thus for every t ∈ J, we have
This shows that the set E(F) is bounded. Hence by Shaefer's fixed point theorem, we deduce that F has a fixed point x ∈Ū which is a solution of the problem (1.1) -(1.2). This proves the Theorem.
Application
In this section we give the application of our main results established in previous section.
Example 4.1. Consider the following nonlinear fractional integrodifferential equations with an integral fractional bound- For all x ∈ [0, ∞) and each t ∈ J, f (t, x(t), Kx(t)) = |x(t)| On existence and uniqueness of fractional integrodifferential equations with an integral fractional boundary condition -491/491
For t ∈ J, q ∈ (0, α), let m(t) = Thus, all the assumptions of the Theorem 3.1 are satisfied, problem (4.1)-(4.2) has a unique solution.
